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Introduction
In this note we consider only commutative and unital rings. As usual A × is the unit group of A and the ring homomorphisms send 1 to 1. In particular if A is the ring reduced to {0} then A × = A. In 2011, Khurana, Lam and Wang ([K.L.W] , Definition 1.1 p. 123) were interested in the notion of "rings of square stable range one" which can be seen as an extension of the notion "n is the stable range of a ring" as defined by Bass in 1964 ([B] p.498).
One says that a ring A satisfies the property "square stable range one" if for all a, b ∈ A with aA + bA = A, there is λ ∈ A such that b 2 + λa ∈ A × , where A × is the unit group of A. In the epilogue of their paper ([K.L.W], p. 141) they give a generalization of the property "square stable range one", namely the property "power stable range one". This notion is the following.
A commutative unital ring A satisfies the property "power stable range one", if for all a, b ∈ A with aA + bA = A there is an integer N = N(a, b) ≥ 1, λ = λ(a, b) ∈ A with b N + λa ∈ A × the unit group of A. We will reproduce here this notion but with a different qualifier (*) Let A be a commutative unital ring. A point p = (x 1 , x 2 , ..., x n ) ∈ A n is called primitive if 1≤j≤n x j A = A. A primitive point (a, b) ∈ A 2 is a good point if there is an integer N = N(a, b) ≥ 1, λ = λ(a, b) ∈ A with b N + λa ∈ A × . A ring A is a good ring if it is commutative unital and the primitive points in A 2 are good points. Before to go further we remark that if A is a unital commutative ring, P (X 1 , X 2 , ..., X n ) ∈ A[X 1 , X 2 , ..., X n ]) with P homogeneous, deg P ≥ 1, then p := (x 1 , x 2 , ..., x n ) ∈ A n with P (p) := P (x 1 , x 2 , ..., x n ) ∈ A × is primitive. Reciprocally if p := (x 1 , x 2 , ..., x n ) ∈ A n is primitive then there is W (X 1 , X 2 , ..., X n ) := 1≤i≤n u i X i such that W (p) ∈ A × . Now generalizing this equivalence, we define a new family of rings as suggested in [B.E] , namely (**) A commutative unital ring A has enough homogeneous polynomials if for all finite set S := {p 1 , p 2 , ..., p k } with card S := k ≥ 1, of primitive points in A n and any n ≥ 2, P (X 1 , X 2 , ..., X n ) ∈ A[X 1 , X 2 , ..., X n ]) with P homogeneous, deg P ≥ 1 and P (p i ) ∈ A × for 1 ≤ i ≤ k, and more specifically (***) A commutative unital ring A has enough homogeneous polynomials in two variables, if for all finite set S := {p 1 , p 2 , ..., p k } of primitive points in A 2 with card S := k ≥ 1, there is P (X 1 , X 2 ) ∈ A[X 1 , X 2 ], with P homogeneous, deg P ≥ 1 and P (p i ) ∈ A × for 1 ≤ i ≤ k. A main result (theorem 2.1) is that each of the three properties (*), (**) and (***) characterize the good rings.
A more subtle fact is to express the property of good point and of good ring in a geometric way, namely.
Let (a, b) ∈ A 2 a primitive point. Let A[x, y] := Moreover (a, b) is a good point iff O S(a,b) (1) (S(a, b) ) is a torsion element in the Picard group of O S(a,b) (S(a, b)) (theorem 3.1) and so A is a good ring if and only if for all primitive point (a, b) ∈ A 2 and for all S = S(a, b), O S(a,b) (1) (S(a, b) ) is a torsion element in the Picard group of O S(a,b) (S(a, b)).
In particular it follows that if for all primitive point (a, b) ∈ A 2 , the Picard group of O S(a,b) (S(a, b)) is a torsion group then A is a good ring.
More specifically, let A be a pictorsion ring, i.e. for all ring B which is finite over A, its Picard group Pic(B) is a torsion group ([G.L.L] , definition 03 p. 1191). As O S(a,b) (S(a, b)) is a free rank two A-module (proposition 3.1), it follows that O S(a,b) (1) (S(a, b) ) is a torsion element in Pic(O S(a,b) (S(a, b))).
It follows that any pictorsion ring A is a good ring.
A question is to know if there are good rings A with Pic(O S(a,b) (S(a, b))) is not a torsion group.
The answer uses ( [G] , corollary 2 p. 118) , a 1963 paper where Goldman shows the existence of a Dedekind ring A with
A M finite for all maximal ideal M and such that its ideal class group isn't a torsion group. Such a ring is a good ring but not a pictorsion ring.
Outline of the paper.
In section 2 we define good rings and rings with enough homogeneous polynomials. We prove the equivalence of the two notions. We give also the first examples of good rings.
In section 3 we give a geometric characterization of good points and good rings in terms of Picard group.
Section 4 gives a subsequent list of good and of not good rings.
2 On homogeneous polynomials in n ≥ 2 variables with coefficients in a ring A and invertible values on a given finite set in A n
In the sequel we adopt the following usual terminology.
Definition 2.1. Let A be a commutative unital ring. A point p = (x 1 , x 2 , ..., x n ) ∈ A n is called primitive if 1≤j≤n x j A = A.
Definition 2.2. A primitive point (a, b) ∈ A 2 is a good point if there is an integer N = N(a, b) ≥ 1, λ = λ(a, b) ∈ A with b N + λa ∈ A × . Definition 2.3. A ring A is a good ring if it is commutative unital and the primitive points in A 2 are "good points".
Proposition 2.1. Let A be a commutative unital ring. The following properties are equivalent.
i) The ring A is a good ring,
ii) for all a ∈ A, the group
is a torsion group where ρ a : A → A aA is the natural epimorphism.
Proof. 1) We show that i) implies ii).
Let a ∈ A and b ∈ A with ρ a (b) ∈ (
Remark 2.1. 1. Part ii) in proposition 2.1 is trivially satisfied when a = 0 or a ∈ A × .
If
A is a commutative field, then part ii) in proposition 2.1 is trivially satisfied and so a commutative field is a good ring.
3. Let A be a commutative unital ring. If for all a ∈ A − {0}, (ρ a (A)) × = ( A a ) × is a finite or a torsion group, then part ii) in proposition 2.1 is satisfied and so A is a good ring.
4. Let A be a commutative unital ring. If for all a ∈ A − {0}, (ρ a (A)) is finite, then A is a good ring. In particular Z is a good ring.
5. Let A be a commutative unital ring. If A is a local ring, one can easily show that A is a good ring (proposition 4.3). One can give example of such a ring A and a ∈ A − {0} such that (ρ a (A)) × is not a torsion group (for example A := Q[[T ]], the formal power series ring with rational coefficients and a = T ).
The following definition is inspired from ( [B.E] , definition 1.1 p.3) Definition 2.4. A commutative unital ring A has enough homogeneous polynomials in two variables, (resp. enough homogeneous polynomials) if for all finite set S := {p 1 , p 2 , ..., p k } of primitive points in A 2 with card S := k ≥ 1, (resp. primitive points in A n and any n ≥ 2), there is P (X 1 , X 2 ) ∈ A[X 1 , X 2 ], ( resp. P (X 1 , X 2 , ..., X n ) ∈ A[X 1 , X 2 , ..., X n ]) with P homogeneous, deg P ≥ 1 and P (p i ) ∈ A × for 1 ≤ i ≤ k where P (p i ) := P (p 1,i , p 2,i , ..., p n,i ) and
Theorem 2.1. Let A be a commutative unital ring. The following properties are equivalent.
i) The ring A is a good ring, ii) the ring A has enough homogeneous polynomials, iii) the ring A has enough homogeneous polynomials in two variables.
Proof. We show that i) implies ii) implies iii) implies i).
1) We show i) implies ii).
The proof works by induction on k = card S.
.., p n,1 )} and there are u 1 , u 2 , ..., u n ∈ A with 1≤j≤n u j p j,1 = 1. Clearly P (X 1 , X 2 , ..., X n ) := 1≤i≤n u i X i works. 1.2) Let k ≥ 1 and S ′ := {p 1 , p 2 , ..., p k } ⊂ A n consisting in k primitives points. By induction hypothesis there is an homogeneous polyno-
Let q = (q 1 , q 2 , ..., q n ) ∈ A n a primitive point with q / ∈ S ′ . We want to find R(X 1 , X 2 , ..., X n ) ∈ A[X 1 , X 2 , ..., X n ], an homogeneous polynomial of degree d ′ ≥ 1 with R(p) ∈ A × for all p ∈ S ′ and for p = q.
1.2.1) Let
Let us assume there is a maximal ideal M in A with
As p t is a primitive point we have (ρ(p 1,t ), ρ(p 2,t ), ..., ρ(p n,t )) = (0, 0, ..., 0) and so there is λ t ∈ A with (ρ(q 1 ), ρ(q 2 ), ..., ρ(q n )) = ρ(λ t )(ρ(p 1,t ), ρ(p 2,t ), ..., ρ(p n,t )). Now as q is a primitive point we have ρ(λ t ) = 0.
Moreover ρ(P (q)) = ρ(λ t ) deg P ρ(P (p t )) and as P (p t ) ∈ A × we get ρ(P (q)) = 0; a contradiction. It follows that P (q)A + A t = A for 1 ≤ t ≤ k.
1.2.
3) It follows from 1.2.2) that 1 = P (q)a t + 1≤i,j≤n u i,j,t A i,j,t where a t , u i,j,t ∈ A.
Let B t (X 1 , X 2 , ..., X n ) := 1≤i,j≤n u i,j,t A i,j,t (X 1 , X 2 , ..., X n ), then B t (X 1 , X 2 , ..., X n ) is nul or homogeneous of degree 1.
Moreover we have 1 = P (q)a t + B t (q) and B t (p t ) = 0. Then 1 = 1≤t≤k (P (q)a t + B t (q)) = P (q)a + 1≤t≤k B t (q), with a ∈ A. It follows that (P (q), 1≤t≤k B t (q)) is a primitive point in A 2 and as A is a good ring, there are N ≥ 1 and λ ∈ A with P (q)
1.2.4) Note that if α ≥ 1, then P α is homogeneous of degree α deg P as P (p t ) ∈ A × which prevent P to be a nilpotent element in A[X 1 , X 2 , ..., X n ]. It follows that up to change P in P α , we can assume that N deg P ≥ k.
As q = (q 1 , q 2 , ..., q n ) is a primitive point there are u 1 , u 2 , ..., u n ∈ A with
× . This shows ii).
2) The implication ii) implies iii) is immediate.
3) We show iii) implies i).
Let us assume that i) isn't satisfied, we show that iii) isn't satisfied.
So there is (a, b) ∈ A 2 a primitive point which isn't a good point, i.e. for all N ≥ 1 and λ ∈ A one has b
Let assume there is an homogeneous polynomial 
There is
, be the ring of polynomials in the variable Z with coefficients in A endowed with the graduation by the degree in Z.
be the A-homomorphism with u(X) = 0 and u(Y ) = Z. Then u is onto and preserves the graduation i.e. 
Proof. 0) Some facts concerning the ring A[X, Y ].
Let A[U, V ] be the polynomial ring in two variables U, V . As we have the following free décomposition in A-modules
, the multiplication by U resp.V induces a shift on the decomposition and so U, V aren't zero divisors in A[U, V ]. This solves the case X and Y . Now for the two others, the universal property of A-polynomial rings gives the following A-algebra homomorphisms namely s :
which implies that Q = 0 (and so P = 0) as seen above in any polynomial ring in two variables over A.
As seen in the remark above
. In particular θx = 0. We first show that the restriction of
is zero. Indeed on D + (xy) we have
As well one gets
As x(ay − bx) = 0 and θ |D + (y) = ay−bx y
We show that g ∈ A + Aθ and so that f ∈ A + Aθ . There are several steps consisting in finding a decomposition on each open
As θ |D + (x) = 0, one has
It follows that on
This means there is k ≥ 1 with
This means that there is α ∈ A such that on the open D(a) and
, a prime homogeneous ideal with x / ∈ P. It follows from the relation axy = bx 2 that if a ∈ P then b ∈ P which gives a contradiction as aA + bA = A. It follows that a is invertible on D + (x). So we have
which gives the claim with the relations x(ay − bx) = 0 and (6). 1.1.5) The main difficulty is to express g |D + (y) . We show that
where α is defined in (6) and β ∈ A with β |D(a) = − a 0
In order to show this we study b 0 (
We have
Now we show that
. In other words one need to show that for k big enough we have (aY )
] which with 0.1) is equivalent to show that (5) and with 0.2) we deduce (8) and so that
As
1.1.7) We still have to study b 0 (
One has b 0 (
Now we show that v and u as defined in (10) and (9) 
. This shows (7) in 1.1.5). As g |D + (x) = α, θ |D + (x) = 0, we have g |D + (y) = α + βθ with α, β ∈ A. 1.2) We have shown that {1, θ} is a generating family for the A-module O S(a,b) (S(a, b)). Now we show that it is a free family.
Let us assume that γ + δθ = 0 with γ, δ ∈ A. As θ |D + (x) = 0 we have γ |D + (x) = 0. In other words there is k ≥ 1 such that
ay−bx y = 0 and so there is m ≥ 1 with
It follows that , b) ).
In order to show that S(a, b) is finite over Spec A it suffices to remark that the canonical morhism S(a, b) → Spec A is quasi-finite, in otherwords for all prime ideal p ⊂ A there are a finite number of homogeneous prime ideal P ⊂ A[x, y] with p = P∩A and xA [x, y] +yA[x, y] P. Namely we use [L] ex. 4.2. p. 155 in order to show that S(a, b) → Spec A is finite. Moreover we know by 1.
Now let P ⊂ A[x, y] be an homogeneous prime ideal with p = P ∩ A and xA[x, y] + yA[x, y] P. As x(ay − bx) = 0 then x ∈ P or (ay − bx) ∈ P.
Let us assume that x ∈ P, let A :
Now we assume that d ≥ 1. We write P (x, y) = 0≤k≤d u k x k y d−k with u k ∈ A. As x ∈ P then u 0 y d ∈ P; and so u 0 ∈ P or y ∈ P. Note that y ∈ P is not possible as xA[x, y] + yA[x, y] P and so u 0 ∈ P et puisque u 0 ∈ A then u 0 ∈ p and so u 0 ∈ A.
and so x, y ∈ P, a contradiction. We have u 0 ∈ P and so u 0 ∈ A ′ . Finally we have shown that A and A ′ are the only homogeneous prime
This means there is k ≥ 1 with (XY )
2) in the proof of proposition 3.1 we can simplify by X write and so
It follows from (15) that there is
and by 1.1) that O S(a,b) (S(a, b)) = A + Aθ. Moreover with 1. we get easily that θx k = 0 for k ≥ 1 and that θy d = (ay − bx)y d−1 for d ≥ 1. The result follows.
3)The proof is immediate. i
iii) the point (a, b) ∈ A 2 is a good point.
Proof. In order to simplify the notations we shall write S for S(a, b).
1)We show i) implies ii).
It follows from i) there is d ≥ 1 such that O S (d)(S) is a free rank one O S (S)-module and by proposition 3.1 part 2. there is
Then by proposition 3.1 part 3.(a) it follows that
2 is a good point. 3)We show iii) implies i).
By definition 2.2 there is N ≥ 1, λ ∈ A, ǫ ∈ A × such that b N = ǫ + λa. By proposition 3.1 part 2. we know that O S (N)(S) is the homogeneous component of A[x, y] with degree N.
Let
Let us recall that by proposition 3.1 part 1., one has O S (S) = A ⊕ Aθ with θ |D + (x) = 0 and θ |D + (y) = ay−bx y
We need only to show that
where
As θ |D + (x) = 0, we need to show that
which means there is m ≥ 1 with
2) in the proof of proposition 3.1 we can write Q(X, Y ) = (aY − bX)S(X, Y ). We then deduce (18) and (17) 3.1.2)We show (16) on D + (y).
Namely that (α + βθ)R(x, y) = ǫP (x, y). It suffices to prove that
. Then using part 0.2) in the proof of proposition 3.1 we can write
We can conclude that {R(x, y)} generates the O S (S)-module O S (N)(S).
3.2)We show that {R(x, y)} is a free family of the O S (S)-module O S (N)(S).
Let α, β ∈ A with (α + βθ)R(x, y) = 0, we show that α = β = 0. 3.2.1)The equality (α + βθ)R(x, y) = 0 on D + (x).
It means there is
2)The equality (α + βθ)R(x, y) = 0 on D + (y).
It means there is k ′ ≥ 1 with
It follows from 3.2.1), 3.2.2), 3.
2.3) that {R(x, y)} is a basis for the O S (S)-module O S (N)(S), it follows that the O S (S)-module O S (1)(S) is a torsion element in the Picard group of O S (S).
Remark 3.1. If for all primitive point (a, b) ∈ A 2 , iii) in theorem 3.1 is satisfied, then A is a good ring and reciprocally.
As well if for all primitive point (a, b) ∈ A 2 , i) in theorem 3.1 is satisfied, i.e. the O S(a,b) (S(a, b))-module O S(a,b) (1) (S(a, b) ) is a torsion element in the Picard group of O S(a,b) (S(a, b)), then A is a good ring and reciprocally.
A particular simple case is the case of pictorsion rings i.e. those rings A for which any ring B finite over A has a torsion Picard group ([G.L.L], definition 0.3 p. 1191). As O S(a,b) (S(a, b)) is a finite A-module, it follows that Pic(O S(a,b) (S(a, b))) is a torsion group and so part i) in theorem 3.1 is satisfied. We can say that if A is a pictorsion ring then A is a good ring.
Note that the condition to be of pictorsion for A is strong : it would suffice that Pic(O S(a,b) (S(a, b))) be a torsion group. This will be study in paragraph 4.3.1.
Examples of good rings and of not good rings.

Examples of good rings.
1. A ring A which is the inductive limit of good rings (A i ) i∈I is a good ring.
2. Let A = A 1 × A 2 × ... × A r with A i a good ring for 1 ≤ i ≤ r then A is a good ring. Namely let a = (a 1 , ..., a r ), b := (b 1 , ..., b r ), u = (u 1 , ..., u r ), v = (v 1 , ..., v r ) ∈ A with au + bv = 1. Then a i u i + b i v i = 1 for 1 ≤ i ≤ r and there is N i ≥ 1 and λ i ∈ A i with b This generalizes the particular case of PID (principal ideal domain) which is considered in ([B.E], theorem 0.2 p. 1). Namely, they show that if A is a PID such that A M is finite for all maximal, has enough polynomial and so is a good ring with our theorem 2.1.
5. If A is a field it follows from definitions 2.3 and 2.2 that A is a good ring. More generally let A be a semi-local ring (i.e. A has a finite number of maximal ideals) then A is a good ring (proposition 4.3).
A PIR (principal ideal ring) such that
A aA is finite for all a not a zero divisor, is a good ring (proposition 4.4).
7. Let A be a ring and ρ : Z → A the natural homomorphism. If A is integral over ρ(Z), then A is a good ring (proposition 4.5).
8. Let A be a ring and L be a sub-field of an algebraic closure of a finite field and ρ : L[T ] → A be an homomorphism with A integral over ρ (L[T ] ), then A is a good ring (proposition 4.5).
9. Let X be a compact topological space, A := C(X, R) be the ring of continuous functions on X with real values, then A is a good ring and more precisely if f, g, u, v ∈ A with f u + gv = 1, then f 2 + g 2 ∈ A × . 10. Let A be the subring of Z N of sequences which are stationnary. Let
× is a torsion group and A is a good ring (remark 2.1 and proposition 2.1).
11. Let K be a sub-field of an algebraic closure of a finite field and
12. Let X be an algebraic non singular curve over R; let us assume that |X(R)| ≥ 2. Let a ∈ X(R) and Y := X(R) − {a}. Let A := {f ∈ K(X)|v x (f ) ≥ 0, ∀x ∈ Y } where K(X) is the field of rational functions on X and v x is the valuation at x. Then A is a good ring and more precisely if f, g, u, v ∈ A with f u + gv = 1, then f 2 + g 2 ∈ A × . 
)
× is a torsion group and so A is a good ring (remark 2.1 and proposition 2.1).
Proposition 4.2. Let A be a commutative and unital ring, R its Jacobson ideal and A ⊂ R an ideal.
The following property are equivalent.
i) The ring A is a good ring, ii) the ring A A is a good ring.
Proof. 1)We show i) implies ii). Let ρ : A →
A A the natural epimorphism. Let a, b, u, v ∈ A with ρ(a)ρ(u)+ ρ(b)ρ(v) = 1. Then au + bv = 1 + α with α ∈ A ⊂ R and so 1 + α ∈ A × . We can write a(u(1 + α) −1 ) + b(v(1 + α) −1 ) = 1. As A is a good ring, there is N ≥ 1, λ ∈ A with b N + λa ∈ A × and so ρ(b)
In other words
A A is a good ring.
2)We show ii) implies i).
Let a, b, u, v ∈ A with au + bv = 1.
Let e ∈ A with ρ(e) = ǫ, then b N + µa = e + α with α ∈ A. If e + α / ∈ A × there is a maximal ideal M ⊂ A with e + α ∈ M. As α ∈ R then e ∈ M.
As ker ρ ⊂ R ⊂ M, it follows that ρ(M) is a maximal ideal of A A , but ǫ = ρ(e) ∈ ρ(M) which is in contradiction with ǫ ∈ ( A A ) × . Finally A is a good ring.
Proposition 4.3. Let A be a field or a semi-local commutative and unital ring (i.e. the set of maximal ideals in A is finite), then A is a good ring.
Proof. If A is a field this is immediate from the definition. Now let us assume that the set of maximal ideals in
is a good ring we deduce from example 2. in 4.1. that its the same for A R and so for A by proposition 4.1.
Proposition 4.4. Let A be a principal ideal ring (PIR). We assume that for all x ∈ A which is not a zero divisor, the quotient ring A xA is finite, then A is a good ring.
Proof. By ([Z.S] theorem 33 page 242), we know that a principal ideal ring
A is a finite product of rings A = A 1 × A 2 × ... × A r where A i is a PID or a local ring whose the maximal ideal M i is generated by a nilpotent element. Now if A i is a PID and M i = z i A i a maximal ideal, then (1, .., 1, z i , 1, ..., 1) ∈ A is not a zero divisor. As
is a finite ring and so
is finite for any x i ∈ A i − {0}. Now with remark 2.1 and proposition 2.1, A i is a good ring.
If A i is a local ring, then A i is a good ring (cf. example 5 in 4.1 ). Finally A is a finite product of good rings and so A is a good ring (cf. example 2 in 4.1 ).
Proposition 4.5. Let A be a commutative and unital ring.
A. Let ρ : Z → A be the natural homomorphism. We assume that any element in A is integral over ρ(Z), then A is a good ring. Proof. A)We show A. A.1.Reduction to the case A is finite over ρ(Z). As A is the inductive limit of its subrings which contain ρ(Z) and are finite over ρ(Z), it suffices to consider the case where A is finite over ρ(Z) and we assume it is the case in the rest of the proof.
(*) Let z ∈ A and ρ z : A → A zA the canonical epimorphism; we show that
is finite. If (*) is satisfied for all z ∈ A, then by proposition 2.1 we get that A is a good ring. A.2.We assume that Ker ρ = dZ with d = 0. We show that A is finite and so (*) is satisfied for all z ∈ A.
As A is finite over ρ(Z), there are e 1 , e 2 , ..., e r ∈ A such that A = ⊕ 1≤i≤r ρ(Z)e i . Then |A| ≤ |d| r . A.3.We assume that Ker ρ = {0} and we identify ρ(Z) with Z. Moreover it follows from 4.2 we can assume that A is reduced.
So Z ⊂ A and A is finite over Z so it is noetherian and so there is a finite number of minimal primes namely {p 1 , p 2 , ..., p s } with p i = p j for i = j. Now as A is reduced we have ∩ 1≤i≤s p i = {0}.
If z = 0 then (*) is trivially satisfied. Now we assume that z = 0. Then z / ∈ ∪ 1≤i≤s p i or after a permutation in the indices there is 1 ≤ t < s with z / ∈ ∪ 1≤i≤t p i and z ∈ ∩ t+1≤i≤s p i . A.3.1) We first assume that z / ∈ ∪ 1≤i≤s p i . It follows from lemma 4.1 below that A zA is finite and so (*) is satisfied. It follows from the case z = 0 and from A.3.1), A.3.2) that (*) is satisfied for all z ∈ A and so that A is a good ring.
A.3.2) We assume there is 1 ≤ t < s with z / ∈ ∪ 1≤i≤t p i and z ∈ ∩ t+1≤i≤s p i . g(a) ). It follows from lemma 4.2 below that u is into and
Let p 1 : B × C → B and p 2 : B × C → C the projections. Then p 1 u = f and p 2 u = g. As p 2 u = 0 and p 1 u is onto we have u(zA) = f (z)B × {0}.
We show that u induces a monomorphism
the natural epimorphism. We need to show that
i.e. a = za ′ as u is into and so Ker(πu) ⊃ zA, the other inclusion is immediate.
It follows from (21) that v induces a monomorphism still denoted v
We intend now to show that
is finite i.e. (*). We show first that
is finite. As A is finite over Z, it follows that f (A) = B is finite over Z. We remark that f (p i ), 1 ≤ i ≤ t are the minimal primes of B.
It follows from (21) that v is into and then
.
Now still with (21) we have
and as by (20)
is finite it follows that
is finite.
If
is the natural epimorphism then with (22) we have
which with (24) shows that
Now with (25) and (26) we get that
Now with (22) we get π(u(
is finite. B) We show B.
B.1)Reduction to the case finite over
The ring A is the union of its subrings S which contain ρ (L[T ] ) and finite over ρ(k[T ]). Let S as above, then S = 1≤i≤r ρ(L[T ])e i , where e i ∈ S. We deduce that for each i, e i is a root of a unitary polynomial with coefficients in ρ (L[T ] ). As L is a union of finite fields there is a finite field k 0 ⊂ L such that the coefficients of the polynomials belong to ρ(
and S is the union of the S k for k running the finite subfields k 0 ⊂ k ⊂ L.
Finally we need to prove. (**) Let k be a finite field, A be a ring, ρ :
is finite. The case z = 0 is trivial. Let us assume that z = 0. One can use A.3.1 and A.3.2 as one uses there only the fact that A is noetherian. So (**) is satisfied for all z ∈ A which with proposition 2.1 means that A is a good ring. The end of the proof is an adaptation of A.1 and A.2.
We can say that proposition 4.5 is proved when A is reduced. We then deduce the general case from 4.2. 
2. Let A be a reduced ring. Let {q 1 , q 2 , ..., q t } the set of minimal prime ideals in A (the ring A is noetherian) with q i = q j for i = j, let z ∈ A and z / ∈ ∪ 1≤i≤t q i . Then the ring A zA is finite.
Proof. 1) We show 1.It is suffisant to prove that
is finite. The case where A is finite over Z. We can write A = Ze 1 +Ze 2 +...+Ze r , and so
When ρ i (Z) is finite the result is immediate. Now we assume that ρ i (Z) is infinite, then we can identify ρ i (Z) with Z. As ρ i (A) is finite over Z, it follows that x i is integral over Z. Let m minimal with
As ρ i (Z) is integral and x i = 0 we get a m = 0 and a m ∈ x i ρ i (A). It follows that the epimorphism (b 1 , b 2 
and so |
The case where A is finite over k[T ] can be worked out in the same way. 2) We show 2.
The case where A is finite over Z.
Let ρ : Z → A the canonical homomorphism. When ρ(Z) is finite it follows from 1) that A is finite and so 2. is proved.
We assume now that ρ(Z) ≃ Z, we can identify ρ(Z) with Z.
be the natural epimorphism and δ : A → 1≤i≤i A q i the diagonal morphism. As A is reduced it follows that δ is into.
2.1) We show there are ǫ i ∈ A with ρ(ǫ i ) = 0 and
Let x 2 ∈ q 2 and x 2 / ∈ q 1 , x 3 ∈ q 3 and x 3 / ∈ q 1 , ..., x t ∈ q t and x t / ∈ q 1 and ǫ 1 := x 2 x 3 ...x t , then ǫ 1 / ∈ (q 1 ) and ǫ 1 ∈ q 2 ∩ ...q t . Analogously we build ǫ 2 / ∈ (q 2 ) and ǫ 1 ∈ q 1 ∩ q 3 ∩ ...q t , ..., ǫ t / ∈ (q t ) and ǫ t ∈ q 1 ∩ q 2 ∩ ...q t−1 So for y 1 , y 2 , ..., y t ∈ A one has δ( 1≤i≤t y i ǫ i = (y 1 ǫ 1 , ..., y t ǫ t ) and so
. It follows from 1. that
is finite and so
is finite. (29) As z / ∈ q 1 ∪ ... ∪ q t , it follows from 1. that
Then with (29) and (30)
With (28) we get the following
Then with (31) we get that
is finite and as δ is into, we have that A zA is finite. The case where A is finite over k[T ] can be worked out in the same way.
Lemma 4.2. Let k be a finite field, k[T ] the ring of polynomials with coefficients in k. Let A be a ring finite over Z (resp. k[T ]) and reduced.
Let {p 1 , p 2 , ..., p s } the prime minimal ideals in A and for 1 ≤ t < s, g(a) ), v(x, y) := i(x)j(y −1 ). Then u is into and Im u = Ker v. Moreover
Proof. The case where A is finite over Z.
As A is reduced it follows that u is into. We have
By the same method we get a ′′ ∈ A with u(a ′′ ) = (x −1 , y −1 ).Then u(a ′ a ′′ ) = (1, 1) = u(1) and as u is into we get a ′ a ′′ = 1 i.e. a ′ ∈ A × , in other words Ker v ⊂ Im u. We still need to prove that
is finite. The equality Im u = Ker v shows that v induces an into homomorphism from
to D × . We show that dim D = 0 and as D is finite over Z it will follow that D is a finite ring.
Let q ⊂ A, a prime ideal such that b + c ⊂ q; then p 1 ∩ p 2 ∩ ... ∩ p t ⊂ q and so there is 1 ≤ i ≤ t with p i ⊂ q. In the same way we get t + 1 ≤ j ≤ s with p j ⊂ q, then p i + q j ⊂ q and p i + q j = p i and so the height of q is ≥ 1. As dim A ≤ 1 we have equality. We deduce from this that every prime ideal in A b+c has height nul and so dim D = 0. Let w : Z → D the natural morphism, then D is finite over w(Z). If w(Z) ≃ Z then dim D = 1 which is a contradiction and so w(Z) is finite and as D is finite over w(Z) we deduce that D × and so
are finite. The case where A is finite over k[T ] can be worked out in the same way. Then the following properties are equivalent.
Examples of rings
i) The ring A is a good ring, ii) the field k is algebraic over a finite field, iii) the group k × is a torsion group.
Proof. 1) We show that ii) implies iii). We remark that
× and so k × is a torsion group. 2) We show that iii) implies ii). Necessarily k has characteristic 0, otherwise Q ⊂ k, this contradict the fact that k × is a torsion group. One can assume that F p ⊂ k. Let x ∈ k × , there is n x ≥ 1 with x nx = 1 and so k is algebraic over F p .
3) We show that i) implies iii). One can assume that k = F 2 . Let
is a good ring there is m ≥ 1 which depends on θ and
We now assume that
) × , then the map µ f : x ∈ V → f x ∈ V belongs to Gl(V ) and the
is an into homomorphism. After fixing a basis of the k-vector space V , the element µ f and so f can be identified with an element of Gl d (k) and so for n big enough with an element of Gl d (F p n ). It follows that f is a torsion element.
Remark 4.1. It follows from the lemma 4.3 that if k is a field of characteristic nul then k[T ] isn't a good ring.
The ring
≃ 2 Z isn't a torsion group. It follows from proposition 2.1 that Z[X 1 , X 2 , ..., X n ] isn't a good ring.
4.2.3. The ring A := k[X 1 , X 2 , ..., X n ] with k a commutative field and n ≥ 2 isn't a good ring.
Take a := 1 − X 1 X n , then
isn't a torsion group and so k[X 1 , X 2 , ..., X n ] isn't a good ring.
Other examples
Let us recall that a ring A is said of pictorsion if for all ring B which is finite over A, the Picard group Pic(B) is a torsion group ([G.L.L] ). This is a way for a ring A of pictorsion to prove that A is a good ring (see remark 3.1 after the theorem 3.1).
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where x is the X image. The ring B is finite over A. We show that Pic(B) is not a torsion group and so A is not of pictorsion.
, where x (resp. y, z) is the X (resp. Y ,Z) image and the graduation is induced by that of Q[X, Y, Z].
Let p := (0 : 0 : 1), the divisor (p − ∞) has infinite order ([H] Example 4.3.8. p. 335). It follows that the ideal M p = Bx + By induces an element of infinite order in Pic (B) .
The examples of rings, 5 to 11, cited in 4.1. are good rings and have a torsion Picard group.
We don't know if in the example 12, the Picard group is a torsion group. 4.3.2. Example of good rings A for which Pic(O S (S(a, b))) is not a torsion group.
It follows from theorem 3.1 that a ring A is a good ring if and only if for all primitive point (a, , b) ) is a torsion element in the Picard group of O S(a,b) (S(a, b) ).
In particular as said in remark 3.1, if the Picard group of O S(a,b) (S(a, b)) is a torsion group then A is a good ring.
More specifically for a ring A of pictorsion, as the O S(a,b) (S(a, b)) is finite over A, it follows that the Picard group of O S(a,b) (S(a, b) ) is a torsion group and so A is a good ring.
There is still the question to find a good ring A such that the Picard group of A is not a torsion group. This is what we intend to do now. In particular, if
and Pic(A) are torsion groups then Pic (B a ) is a torsion group.
Proof. 1) Let I := {b ∈ A | ba = 0} and C a := Ba It . We show that Pic(B a ) ≃ Pic(C a ).
Let X := Spec A, Y := Spec B a , Z := Spec C a . The canonical morphisms A → B a and A → B a → C a induce continuous maps f : Y → X and g : Z → X.
We have the exact sequence of sheaves {0} → It → F → G → {0} where F is the sheaf defined over X by the ideal I, and for all open U ⊂ X we have F (U) := O(f −1 (U)), G(U) := O(g −1 (U)). It follows the following exact sequence of sheaves
where It follows from (33) that Pic(B a ) ≃ Pic(C a ).
2) We show the exact sequence
where the map Pic(C a ) → Pic(A) 2 is induced by u : B a = A ⊕ At → A × A with u(α + βt) = (α, α + βt).
We have Ker u = {βt | βa = 0} = It. So u induces an into homomorphism v : C a → A×A. → Pic C a → Pic(A) 2 → Pic(
A aA
).
3) It follows from 1) and 2) the exact sequence
If the groups
and Pic(A) are torsion groups then (35) implies that Pic B a is also a torsion group. is finite for all a = 0 and trivially ρa(A) × ρa(A × ) = {1} if a = 0. In particular A is a good ring.
2) We have O S(a,b) (S(a, b)) = B a :=
A[T ] T (T −a)A[T ]
= A ⊕ At (proposition 3.1, part 1.).
It follows from proposition 4.6 the following exact sequence
2.1) Let us assume that a = 0. It follows that we get the following exact sequence of sheaves
As the sheaf tO X is a coherent sheaf, then H 1 (X, 1 + tO X ) ≃ H 1 (X, tO X ) = {0} and H 2 (X, 1 + tO X ) ≃ H 2 (X, tO X ) = {0}. It follows that Pic(A) ≃ Pic (B 0 ) and so that the Picard group of O S (S(0, b) 
